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Lecture Summary

8.5 Confidence Intervals
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Exact Confidence Intervals

» A random interval (A, B) for which P(A <6 < B) =+.

» Symmetric confidence intervals: Equal probability on both
sides: P(A<60)=P(@ < B)= I_TW

» One-sided confidence interval: All the extra probability is
on one side.

Confidence interval for u, 0 of a Normal distribution

We can compute confidence intervals based on the fact that

V(X = 1)/o’ ~ tai,
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Example

Data on calorie content in 20 different beef hot dogs from
Consumer Reports (June 1986 issue):

186,181,176, 149,184,190, 158,139,175, 148,

152,111, 141,153,190, 157, 131, 149, 135, 132

> X, =156.85, SN (X; — X,,)2 = 9740.55
» Find a 90%-CI for p.
» Find a lower 90%-CI for u
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Confidence Intervals for Other Parameters

Pivotal

Let X = (Xy,...,X,) be a random sample from a distribution
that depends on a parameter (or vector of parameters) 6. Let
V(X,#) be a random variable whose distribution is the same for
all 8. Then V is called a pivotal quantity (or simply a pivotal).
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Confidence Intervals from Pivotals

» Find a pivotal quantity V (X, 0).
» Find upper and lower confidence limits on the pivotal
quantity, that is, numbers ¢; and co such that

Pr{c <V(X,0) <co} =7

where « is the desired confidence coefficient.

» Notice that this probability does NOT depend on the value
of the 6.

P> Solve the inequalities: the confidence interval is

{#€0:¢ <V(X,0) < 2}
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Pivotal Example

Variance of the normal distribution N(u,o?), both
unknown.

» Find a symmetric v = (1 — ) confidence interval for 2.

)
nég 2
> co ~ Xn—l
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Pivotal Example

Variance of the normal distribution N(u,o?), both
unknown.

» Find a symmetric v = (1 — ) confidence interval for 2.
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Example

Data on calorie content in 20 different beef hot dogs from
Consumer Reports (June 1986 issue):

186,181, 176, 149, 184, 190, 158, 139, 175, 148,

152,111, 141,153,190, 157, 131, 149, 135, 132

> X, =156.85, YN (X, — X,,)% = 9740.55
» Find a 90%-CI for p.

» Find a lower 90%-CI for u

» Find a 90%-CI for 2.
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Tables

Table of the x? Distribution If X has a x? distribution with m
degrees of freedom, this table gives the value of x such that
Pr(X < xz) = p, the p quantile of X.

r P
m 005 01 025 05 10 20 80 90 95 975 9 995
10000 0010 0039 0158 1.642 2706 3841 5024 6.635 7.879
2 0100 0506 1026 2107 3219 4.605 5.991 7378 9210 10.60
3 0717 2158 3518 5844 4642 6251 7.815 9348 11.34 12.84
4 2070 4844 7107 1.064 5.989 7719 9.488 1114 1328 14.86
5 A7 8312 1145 1.610 7289 9236 11.07 1283 15.09 16.75
6 6757 1237 1.635 2204 8558 10.64 1259 1445 16.81 1855
7 9893 1.690 2.167 2833 9.803 12.02 14.07 16.01 1848 2028
8 1344 2180 2732 3.49 11.03 1336 1551 1753 2009 2195
9 1735 2700 3325 4.168 1224 1468 16.92 19.02 21.67 2359
10 2156 3247 3.940 4.865 1344 15.9 1831 2048 2321 25.19
11 2603 3.053 3816 4575 5.578 14.63 1727 19.68 2192 2472 26.76
12 3074 357 4.404 5226 6.304 1581 18.55 21.03 2334 2622 2830
13 3565 4.107 5.009 5892 7.042 16.98 19.81 2236 2474 27.69 2982
14 4075 4.660 5.629 6571 7.790 1815 21.06 2368 26.12 29.14 31.32
15 4601 5229 6262 7261 8.547 1931 231 2500 27.49 30.58 32.80
16 5142 5812 6.908 7.962 9312 1115 2047 2354 26.30 2885 32.00 3427
17 5697 6.408 7.564 8672 10.09 12.00 2161 47 30.19 34 3572
18 6265 7.015 8231 9390 10.86 12.86 2276 2599 3153 3481 37.16
19 6844 7.633 8907 1012 11.65 1372 2390 2720 30. 3285 36.19 3858
20 743 8260 9591 1085 1244 1458 2504 2841 3141 34.17 37.57 40.00
21 8034 8897 1028 1159 1324 1544 2617 29.62 3267 3548 3893 4140
22 8643 9.542 10.98 1234 14.04 16.31 2730 30.81 3392 36.78 4029 4280
239260 1020 11.69 13.09 1485 17.19 2843 3201 35.17 3808 41.64 4418
24 9886 10.86 1240 1385 15.66 18.06 2955 3320 3642 3936 4298 45.56
25 1052 1152 1312 14.61 1647 18.94 30.68 3438 37.65 4065 4431 4693
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Example

Data on calorie content in 20 different beef hot dogs from
Consumer Reports (June 1986 issue):

186, 181, 176, 149, 184, 190, 158, 139, 175, 148,

152,111, 141, 153, 190, 157, 131, 149, 135, 132

> X, =156.85, SN (X; — X,,)? = 9740.55

» Find a 90%-CI for p.

» Find a lower 90%-CI for pu.

» Find a 90%-CI for o2.

» If we know that o2 = 484, find a 90%-CI for p.
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Confidence Interval for known variance

» From the properties of the Normal distribution:

\/H(Xn — ) ~ N(0, 02)
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Confidence Interval for known variance

» From the properties of the Normal distribution:

V(X — ) ~ N(0,0?)

— 1,1+ - 1,1+
X, - ® 1(77)%<M<Xn+cp 1(77)E
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Asymptotic Confidence Intervals

For p of the normal distribution:

» If you know o2, use the CLT.

» If you don’t know o2, use the distribution of v/n(X, — u)/o’
For o2 of the normal distribution:

» Use the distribution of 7%3

What if you have samples from a different distribution (not
normally distributed)?
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Asymptotic Confidence Intervals

» By the Central Limit Theorem, as n — oo,

Vn(X, — u) 4N (0, 0'2)
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Asymptotic Confidence Intervals

» By the Central Limit Theorem, as n — oo,
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Asymptotic Confidence Intervals

» By the Central Limit Theorem, as n — oo,

Vn(X, — u) 4N (0, 0'2)

» If, additionally, 62 2 52,

» Then o
X, —
vn( : 1) 4 ar(0,1)
> So
P“’oﬂ _(I)—l(l—i_’)/) S \/E(Xn_ﬂ) <¢—1(1+7) N

2 o - 2

for p1, 02 of any distribution.

13/15



Confidence intervals for p in the Bernoulli distribution:

v

Let p be the probability of success in a Bernoulli trial.

Let X1,...,X, be a random sample from the Bernoulli
distribution with parameter p.

MLE estimator for p: p = X,
Consistent estimator for Var(X) = p(1 —p): p(1 — p).
Then
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Example

» In a random sample of 500 families in Heraklion, 340 of
them were found to have a Netflix subscription.

» Find a 95% confidence interval for the proportion of
families in Heraklion who have a Netflix subscription.
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Example
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