Parametric Statistics-Recitation 2 (Solutions)

Exercise 1.
Suppose that a random variable X has a discrete distribution with the following p.f.:
g z=01,2,..
) =
/(@) {O otherwise

Find the value of the constant c.

Solution
It must be Y07 ) f(x) =1. So 377 5 = 1. That means
. 1
S X2
But

And so ¢ = %

Exercise 2.

A civil engineer is studying a left-turn lane that is long enough to hold seven cars. Let X be the number of
cars in the lane at the end of a randomly chosen red light. The engineer believes that the probability that
X = z is proportional to (z + 1)(8 — z) for = 0, ..., 7 (the possible values of X).

(a) Find the p.f. of X.

(b) Find the probability that X will be at least 5.

Solution
(a) The p.f. of X is f(z) = ¢(z +1)(8 — &) for 2 =0,...,7. Tt must be 327 _, f(z) = 1. Also

7

d @+ 1B —x) =120

=0

_ (z+1)(8—x) )

That means ¢ = 135 and f(z) 30

(b) P(X >5) =37 _ e _ 1

Exercise 3.
Suppose that the p.d.f. of a random variable X is as follows:

fz) =

cr? 1<z<?2
0 otherwise

(a) Find the value of the constant ¢ and sketch the p.d.f.
(b) Find the value of Pr(X > 3).



Solution
(a) Since f(x) is the p.d.f of X we know that [*_ f(z)dz = 1. That means

2
/ cxldr =1
1

and so ¢ =

~|w

—_ - =
[N Y
>

Figure 1: P.D.F of X

2 3,2
(b) Pr(X > 3) = [} % dr =2

Exercise 4.

Suppose that the p.d.f. of a random variable X is as follows:

@) = {ce_h x>0

0 otherwise

(a) Find the value of the constant ¢ and sketch the p.d.f.
(b) Find the value of Pr(l < X < 2).

Solution
(a) Since f(x) is the p.d.f of X we know that [*_ f(z)dz = 1. That means

o0
/ ce ®dr =1
0

and so ¢ = 2.

Figure 2: P.D.F of X

(b) Prl< X <2) = ff 2e 2%dy = e ? —e L.



Exercise 5.

Suppose that the c.d.f. F of a random variable X is as sketched below. Find each of the following probabilities:

Fix) 4 a. Pr(X = —1)
b. Pr(X < 0)
Pr(X < 0)

d. Pr(X =1)
Pr(0 < X <3)
L Pr(0 < X <3)
g Pr(0 < X < 3)
h, Pr(l < X <2)
Pr(l < X < 2)
i. Pr(X > 5)

k. Pr(X = 5)
LPr(3< X <4)
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Figure 3: C.D.F of X

Solution

(a) F(—1) — F(~17) = 0.1
(b) F(07) =0.1

(c) F(0) = 0.2

(d) F(1) - F(17)=0
(e) F(3) — F(0)=0.6
(f) F(37)—F(0)=04
(g) F(3) —F(07)=0.7
(h) F(2) = F(1)=0
(i) F(2)-F(17)=0
() 1—F(5) =0

(k) 1—F(57)=0

(I) F(4) — F(37) = 0.2

Exercise 6.

Suppose that the c.d.f. of a random variable X is as follows:

x—3 <3
F(x): e r <
1 >3

Find and sketch the p.d.f. of X.

Solution

We know that

dF(x) "3 <3
0 >3

The value x = 3 is irrelevant.



Figure 4: P.D.F of X

Exercise 7.

Suppose that X has the p.d.f.

fz) =

2r O<ax<1
0 otherwuise

Find and sketch the c.d.f. or X.

Solution

Since f(x) = 0 for < 0 and for x > 1, the c.d.f F(z) will take the value 0 for < 0 and the value 1 for
x > 1. Between 0 and 1, we compute F(z) by integrating the p.d.f. So for 0 < x < 1 we have that

F(x):/ 2ydy = x*
0

Figure 5: C.D.F of X



