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Prìblhma 1. 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn, isìnomwn tuqaÐwn metablht¸n me P (Xn ≥ 0) = 1.
(a) An E (X1) < ∞, na apodeÐxete ìti sqedìn bèbaia isqÔei

lim sup
n→∞

Xn

n
= 0.

(b) An E (X1) = ∞, na apodeÐxete ìti sqedìn bèbaia isqÔei

lim sup
n→∞

Xn

n
= ∞.

Prìblhma 2. (a) 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n twn opoÐwn
h puknìthta isoÔtai me 1

π(1+x2)
. Na apodeÐxete ìti

1

n
max
k≤n

Xk
d−→ 1

T

ìpou T eÐnai ekjetik  tuqaÐa metablht , thc opoÐac na prosdiorÐsete thn par�metro.
(b) 'Estw (Zn)n≥1 akoloujÐa anex�rthtwn tuqaÐwn metablht¸n pou akolojoÔn thn katanom  Poi(λn),

dhlad  me puknìthta f(k; λ) = Pr(X = k) = λke−λ

k! kai λn = log2(n + 1) − log2 n. Jètoume Tn =
Z1 + Z2 + . . .+ Zn. Na apodeÐxete ìti

Tn

log2(n+ 1)

P−→ 1.

Prìblhma 3. (a) An X, Y eÐnai anex�rthtec kai isìnomec tuqaÐec metablhtèc, na breÐte thn sqèsh
pou sundèei thn qarakthristik  sun�rthsh tou X, me thn qarakthristik  sun�rthsh tou X − Y. Sth
sunèqeia, na exet�sete an up�rqoun X, Y, ìpwc parap�nw, ¸ste h tuqaÐa metablht  X − Y na eÐnai
omoiìmorfh sto di�sthma [−1, 1].
(b) 'Estw (νn)n∈N kai ν∞ mètra pijanìthtac ston

(
(0, 1],B(0,1]

)
. SumbolÐzoume me Fn(t) = νn((0, t])

kai F∞(t) = ν∞((0, t]) tic antÐstoiqec sunart seic katanom c. Na apodeÐxete ìti an νn
w→ ν∞ tìte

lim
n→∞

∫
(0,1]

|Fn(t) − F∞(t)|dt = 0.

Prìblhma 4. 'Estw (Vn)n≥1 akoloujÐa anex�rthtwn kai isìnomwn mh arnhtik¸n tuqaÐwn metablht¸n.
StajeropoioÔme r > 0 kai q ∈ (0, 1], kai jewroÔme W0 = 1 kai

Wn = (qr+ (1− q)Vn)Wn−1,

n = 1, 2, . . ..
(a) Na apodeÐxete n−1 logWn

s.b.−−−→ w(q), ìpou w(q) = E log (qr+ (1− q)V1).
(b) Na apodeÐxete ìti h w(q) eÐnai koÐlh sto (0, 1].
(g) Qrhsimopoi¸ntac thn anisìthta Jensen na apodeÐxete ìti an EV1 ≤ r, tìte w(q) ≤ w(1). Epiplèon,
na apodeÐxete ìti an EV−1

1 ≤ r−1, tìte h sqedìn bèbaia sÔgklish isqÔei kai ìtan q = 0 kai m�lista isqÔei
ìti w(q) ≤ w(0).

Prìblhma 5. Jètoume Rn = B1 + · · ·+ Bn, ìpou Bk eÐnai anex�rthtec Bernoulli me

P (Bk = 1) = 1− P (Bk = 0) = k−1.

(a) Na apodeÐxete ìti bn/ logn → 1 ìpou bn = Var (Rn).
(b) Na exet�sete an isqÔoun oi sunj kec Lindeberg gia tic tuqaÐec metablhtèc Xn,k = (logn)−1/2

(
Bk − k−1

)
.

(g) Na apodeÐxete ìti (Rn − logn) /
√
logn

d−→ G.



Prìblhma 6. (a) 'Estw (Zn)n∈N, Z∞ tuqaÐec metablhtèc ston q¸ro (Ω,F ,P). Upojètoume ìti

Zn
P−→ Z∞. 'Estw n1(ℓ), n2(ℓ) dÔo akoloujÐec oi opoÐec exart¸ntai apì to ℓ ∈ N, me n1(ℓ), n2(ℓ) → ∞

ìtan ℓ → ∞. Na apodeÐxete ìti

Zn1(ℓ) − Zn2(ℓ)
P−→ 0

ìtan ℓ → ∞.
(b) 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n me E (X1) = 0,E

(
X2
1

)
= 1,

kai orÐzoume Sn =
∑

i≤n Xi/
√
n. To kentrikì oriakì je¸rhma exasfalÐzei ìti Sn

d−→ G ∼ N (0, 1).

Qrhsimopoi¸ntac to (a), an jèlete, na apodeÐxete ìti den up�rqei tuqaÐa metablht  S∞ ¸ste Sn
P−→ S∞.

Prìblhma 7. (a) Me th bo jeia twnMartingales na apodeÐxete to parak�tw. 'Estw (Xn)n≥1 akoloujÐa
anex�rthtwn tuqaÐwn metablht¸n me E(Xk) = 0 kai Var(Xk) < ∞ gia k�je k. Na apodeÐxete ìti an∑∞

k=1Var(Xk) < ∞ tìte h seir�
∑∞

k=1 Xk sugklÐnei sqedìn bèbaia.
(b) 'Estw (Xn) mia akoloujÐa mh arnhtik¸n, oloklhr¸simwn kai anex�rthtwn tuqaÐwn metablht¸n, ¸ste
gia k�je n na isqÔei EXn = 1. 'Estw Y0 = 1 kai Yn =

∏n
k=1 Xk. Upojètoume ìti to �peiro ginìmeno∏∞

k=1 E(
√
Xk) up�rqei kai eÐnai jetikìc arijmìc. Na apodeÐxete ìti h akoloujÐa

√
Yn sugklÐnei sqedìn

bèbaia kai ston L2 se mia tuqaÐa metablht  Z. IsqÔei h sÔgklish thc Yn kai ston L1?

K�je prìblhma bajmologeÐtai me 2 mon�dec.
Kal  EpituqÐa!



1 a) Gr�foume

P
(
lim sup
n→∞

Xn

n
> 0

)
= P

(∞⋃
r=1

{
Xn

n
>

1

r
gia �peira n

})
.

Ja ektim soume thn pijanìthta kajenìc endeqomènou pou brÐsketai sthn ènwsh, me thn bo jeia tou
l mmatoc Borel-Cantelli. Pr�gmati, stajeropoioÔme r > 0 kai tìte, efìson Xn ≥ 0 sqedìn bèbaia,
gr�foume

∞∑
n=1

P
(
Xn

n
>

1

r

)
=

∞∑
n=1

P (rX1 > n)

≤
∫∞
0

P (rX1 > t) dt

= rE (X1)

< ∞.

Apì to l mma Borel-Cantelli sumperaÐnoume ìti gia to tuqìn r > 0 isqÔei ìti

P
({

Xn

n
>

1

r
gia �peira n

})
= 0,

epomènwc apì thn upoprosjetikìthta paÐrnoume

P
(
lim sup
n→∞

Xn

n
> 0

)
= 0.

b) Ja ergastoÔme antÐstoiqa, qrhsimopoi¸ntac to deÔtero l mma Borel-Cantelli. Gr�foume

P
(
lim sup
n→∞

Xn

n
= ∞) = P

( ∞⋂
K=1

{
Xn

n
> K gia �peira n

})
.

Gia to tuqìn K > 0 isqÔei

∞∑
n=1

P

(
Xn

n
> K

)
=

∞∑
n=1

P

(
X1

K
> n

)
≥

∫∞
1

P

(
X1

K
> t

)
dt

≥ E (X1) /K− 1

= ∞,

�ra apì to deÔtero l mma Borel-Cantelli èqoume

P
({

Xn

n
> M gia �peira n

})
= 1.

PaÐrnontac tom  apì sqedìn bèbaia endeqìmena, èqoume sqedìn bèbaio endeqìmeno, opìte

P
(
lim sup
n→∞

Xn

n
= ∞) = 1.

2 a) An jèsoume Yn = 1
n maxk≤n Xk, tìte

FYn(y) = P(Yn ≤ y) = P(max{X1, X2, . . . , Xn} ≤ yn)

= P(X1 ≤ ny,X2 ≤ ny, . . . , Xn ≤ ny) =anex�rthtec

= P(X1 ≤ ny)P(X2 ≤ ny) · · ·P(Xn ≤ ny) =isìnomec

= (FX(yn))
n



�ra

lim
n→∞ FYn(y) = lim

n→∞ (FX(yn))
n = lim

n→∞
(
1

2
+

1

π
arctan (ny)

)n

= e
− 1

yπ 1y>0

ìpou h teleutaÐa isqÔei gia y > 0, efìson(
1

2
+

1

π
arctan(ny)

)n

=

(
1+

− arctan (1/yn)

π

)n

∼∞
(
1+

−1

πyn

)n → e−1/yπ,

ìpou qrhsimopoi same ìti limx→0
arctan x

x = 1.

b) Arqik� upologÐzoume ìti

ETn = log2(n+ 1) kai σ2
n = Var(Tn) = E[Tn] =

n∑
k=1

ln = log2(n+ 1),

epomènwc apì thn anisìthta Chebyshev paÐrnoume

P
(∣∣∣∣ Tn

E[Tn]
− 1

∣∣∣∣ ≥ ϵ

)
= P

(
|Tn − E[Tn]| ≥ σ2

nϵ
)

≤ 1

(σnϵ)2
=

1

ϵ2 log22(n+ 1)
−→ 0

kaj¸c n → ∞ gia k�je ϵ > 0.
Sqìlio. Apì to krit rio Kolmogorov, (�skhsh 7)a) ) mporoÔme na apodeÐxoume ìti h sÔgklish eÐnai
sqedìn bèbaia.

3 a) Oi tuqaÐec X kai −Y eÐnai epÐshc anex�rthtec, �ra

Eeit(X−Y) = Eeit(X+(−Y)) = EeitXEe−itY = EeitXEe−itX,

opìte
ϕX−Y(t) = ϕX(t)ϕX(t) = |ϕX(t)|

2,

h opoÐa eÐnai mh arnhtik  gia k�je t. H qarakthristik  sun�rthsh thc omoiìmorfhc sto [−1, 1] isoÔtai
me sin t

t , pou paÐrnei kai arnhtikèc timèc, epomènwc h X− Y den mporeÐ na eÐnai omoiìmorfh sto [−1, 1].
b) 'Estw C to sÔnolo twn shmeÐwn sunèqeiac thc F∞. Tìte xèroume ìti to sÔnolo twn shmeÐwn asu-
nèqeiac, dhlad  to Cc eÐnai arijm simo, dhlad  èqei mètro Lebesque Ðso me 0. Epiplèon, apì to je¸rhma
gia thn asjen  sÔgklish, gnwrÐzoume ìti gia k�je t ∈ C èqoume Fn(t) → F∞(t). Tèloc, gia k�je t

isqÔei |Fn(t) − F∞(t)| ≤ 2, epomènwc apì to Je¸rhma Kuriarqhmènhc sÔgklishc èqoume∫
(0,1]

|Fn(t) − F∞(t)|dt =

∫
C

|Fn(t) − F∞(t)|dt+

∫
Cc

|Fn(t) − F∞(t)|dt

≤
∫
C

|Fn(t) − F∞(t)|dt+ 2λ(Cc)

=

∫
C

|Fn(t) − F∞(t)|dt → 0.

4 a) Epagwgik� blèpoume ìti

logWn =

n∑
i=1

Xi,

ìpou me Xi sumbolÐzoume tic anex�rthtec kai isìnome tuqaÐec metablhtèc log (qr+ (1− q)Vi). Parath-
roÔme ìti k�je Xi eÐnai k�tw fragmènh apì log(qr) > −∞, efìson oi Vi eÐnai mh arnhtikèc. 'Epetai ìti
h mèsh tim  E [(X1)−]eÐnai peperasmènh, opìte apì ton nìmo twn meg�lwn arijm¸n isqÔei ìti

n−1 logWn
s.b.−−−→ w(q),

akìmh kai an to dexÐ mèloc eÐnai �peiro.



b) Efìson h sun�rthsh q 7→ (qr+ (1− q)V1(ω)) eÐnai grammik  kai h log x eÐnai koÐlh, èpetai ìti h
q 7→ log (qr+ (1− q)V1) eÐnai koÐlh sto (0, 1], gia k�je ω ∈ Ω. H mèsh tim  (lìgw grammikìthtac)
diathreÐ ta koÐla thc sun�rthshc, opìte h apeikìnish q 7→ w(q) eÐnai koÐlh sto (0, 1].
g) Apì thn anisìthta Jensen gia thn koÐlh sun�rthsh g(x) = log x, x > 0, paÐrnoume

w(q) = E log (qr+ (1− q)V1) ≤ log (qr+ (1− q)EV1) .

Epomènwc an EV1 ≤ r, tìte w(q) ≤ log(qr + (1 − q)r) = log r = w(1). Sthn perÐptwsh pou
EV−1

1 ≤ 1
r , apì thn anisìthta (log x)− ≤ 1/(ex) gia k�je x ≥ 0, paÐrnoume ìti h

E
[
(logV1)−

]
eÐnai peperasmènh. Epomènwc, o nìmoc twn meg�lwn arijm¸n mporeÐ na efarmosteÐ kai ìtan q = 0,
dhlad  ìtan Xi = logVi. Epiplèon, efìson h E

[
(logV1)−

]
eÐnai peperasmènh,

w(q) = w(0) + E log
(
qrV−1

1 + 1− q
)

kai apì thn anisìthta Jensen paÐrnoume

E log
(
qrV−1

1 + 1− q
)
≤ log

(
qrEV−1

1 + 1− q
)
≤ 0,

ìpou qrhsimopoi same ìti EV−1
1 ≤ r−1. Autì shmaÐnei ìti w(q) ≤ w(0).

5 a) Apì thn anexarthsÐa paÐrnoume

bn = Var (Rn) =

n∑
k=1

Var (Bk) =

n∑
k=1

k−1
(
1− k−1

)
=

n∑
k=1

k−1 −

n∑
k=1

k−2.

Epiplèon, efìson logn =
∫n
1 x−1dx, apì thn monotonÐa thc x−1 paÐrnoume ìti

n∑
k=2

k−1 ≤ logn ≤
n∑

k=1

k−1.

Epiplèon
∑

k k
−2 < C, epomènwc bn/ logn → 1, ìpwc jèlame.

b) Efìson |Xn,k| ≤ (logn)−1/2 gia k�je n, k kai gia k�je ω, tìte an

Ln(ε) =

n∑
k=1

E
[
X2
n,k; |Xn,k| ≥ ε

]
,

èqoume ìti h Ln(ε) eÐnai Ðsh me mhdèn gia n > exp
(
ε−2
)
, epomènwc h sunj kh tou Lindeberg ikanopoieÐtai.

Epiplèon, oi tuqaÐec metablhtèc Xn,k èqoun mèsh tim  0 kai thn bo jeia tou erwt matoc a) sumperaÐnoume
ìti

vn =

n∑
k=1

EX2
n,k = bn/ logn → 1

kaj¸c n → ∞.

g) Apì to Kentrikì Oriakì Je¸rhma paÐrnoume ìti

(Rn − ERn) /
√
logn

d−→ G.

H sÔgklish kat� katanom  den ephre�zetai an prosjèsoume ton ìro

(ERn − logn) /
√

logn → 0,

o opoÐoc den perièqei tuqaÐec metablhtèc.



6 a) 'Estw ϵ > 0. Tìte, apì ton orismì thc sÔgklishc kat� pijanìthta paÐrnoume

P
(∣∣Zn1(ℓ) − Zn1(ℓ)

∣∣ > ϵ
)
≤ P

(∣∣Zn1(ℓ) − Z∞∣∣ > ϵ/2
)
+ P

(∣∣Zn2(ℓ) − Z∞∣∣ > ϵ/2
)→ 0.

b) Ja efarmìsoume to a) gia tic akoloujÐec 2n kai n. 'Eqoume

S2n − Sn =
1√
2n

2n∑
i=1

Xi −
1√
n

n∑
j=1

Xj

=
1−

√
2√

2

1√
n

n∑
i=1

Xi +
1√
2

1√
n

2n∑
j=n+1

Xj

Efìson oi Xi eÐnai anex�rthtec kai isìnomec, apì to kentrikì oriakì je¸rhma paÐrnoume ìti oi tuqa-

Ðec metablhtèc
(∑n

i=1 Xi/
√
n,

∑2n
j=n+1 Xj/

√
n
)
sugklÐnoun sto zeÔgoc (G,G′), anex�rthtwn kanonik¸n

katanom¸n. Eidikìtera,

S2n − Sn
d−→ 1−

√
2√

2
G+

1√
2
G′ ∼ N (0, 2−

√
2).

Autì shmaÐnei ìti h diafor� S2n − Sn den sugklÐnei kat� pijanìthta sto 0, �ra apì to a), h Sn den
sugklÐnei kat� pijanìthta.

7 a) Jètoume
Fn := σ (X1, X2, . . . , Xn) , Mn := X1 + X2 + · · ·+ Xn

kai E
(
X2
k

)
= σ2

k kai orÐzoume

An :=

n∑
k=1

σ2
k.

Xèroume ìti h akoloujÐa Mn eÐnai martingale. Epiplèon,

E
[
(Mk −Mk−1)

2
]
= E

(
X2
k

)
= σ2

k,

opìte

E
(
M2

n

)
=

n∑
k=1

σ2
k = An

An
∑

σ2
k < ∞, tìte h akoloujÐa Mn eÐnai fragmènh ston L2, epomènwc to ìrio limMn up�rqei s.b.

b) Jètoume an := E(
√
Xn) kai

Mn :=

n∏
k=1

√
Xk

ak
.

Tìte h akoloujÐa {Mn} eÐnai èna mh arnhtikì martingale (exhg ste). Epiplèon, èqoume ìti

E(M2
n) = E

(
n∏

k=1

Xk

a2
k

)
=

E(Yn)
(
∏n

k=1 ak)
2
≤ 1

(
∏∞

k=1 ak)
2
< ∞,

ìpou sthn teleutaÐa anisìthta qrhsimopoi same ìti E(Yn) = 1 kai ak ≤ 1 apì thn anisìthta Jensen.
Sunep¸c, apì to Je¸rhma gia thn L2-martingale sÔgklish paÐrnoume ìti Mn → M∞ kai sqedìn bèbaia

ston L2. Efìson Yn = (
∏n

k=1 ak)
2
M2

n, èpetai ìti h {Yn} eÐnai omoiìmorfa oloklhr¸simh, epomènwc Yn
sugklÐnei ston L1.


