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AIAAYKQN: T'. KATIETANAKHY

20 oet aokfoewv ([Ipoxwpnpévn amapibunon)

Amo to M. Kohovvtlaxng ko X. Tamoy piotdédovrog, Awakpita MabBnuarikd, deite
T1g acknoelg Tov Kepadaiov 4.

Aocxknon 1. Ip&yrte oe kAeloTh) popen} T Tapok&tew abpoicpata:
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Aoxknon 2. Amodei€te TIG TAPAKATW OXECELS.
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Amdvrnon. Eyxovpe otu:

n—1 n n
-1 -1
n(l+z)" 1=n E (n i )a:k = n(Z B 1>wk1 0 k<Z> akL
1

k=0 k= k=1
n n n—1

L1 An\ @ 1 n—1 n—1 1
" n;Z<z> n;n<zl> i0< i )

" /n (1) n—1 gy |
kd) - k _ - k
. Z<k>k(—1) = n(k_1>(—1) =—n ( B >(—1)

k=1 k=1 k=0

=-—n(l-1)F1=0 O

Aocxknon 3. IIécot aképatol atd 10 1 wg to 99.999 éxouvv dBpoiopa Yneinv ico
pe 9;

Ardvinon. Gewpolpe OTL 1 ypoer tov aplBpov (oto dekadikd cOoTNU) elval
Yay3y2y1Yo- Yéxvoupe o tAN00g Twv AMboewv g e€icwong yo + y1 + y2 + y3 +
Ys =9, pe 0 <y; <9yae =0,...,4. Emopévwg n amdvinon eivar
13
P(9,5) = (9) = 715. O

Aocxknon 4. Anodei€te cuvdvaoTikd OTL

Zk2< >—nn+1)2” 2

Yro8erEn: Tparyite to Seki pépog wg n(n —1)27 2 +n27 1 xou Seikre 6T kou Tor Svo pépn
HETPOVV TOLG TPOTOLG EMAOYTG EVOG LTTOGLVOAOL K&TToloL GLVOAOL peyéBoug n kot Svo
OXL APt TO SLUPOPETLIKMV GTOLYELWDY TOV LITOGULVOAOU.



Armdvrnon. Oewpodpe 1o ovvoro [n]. Emdéyovpe éva ovvoro A C [n] ko dvo
otowyela x, y € A (o1 amopaitnta SiapopeTikd). O HETPHGOVHE TOUG TPOTOVG
JL€ TOVG OTTOLOVG HITOPOVIE VO KAVOULE QLTI TNV emtAoyr] pe d0o TpdIOoLS:

Ag vmobéooupe 6t To A éxel TéEn k. Hapatnpodpe 6110 < k < n. Mmopolpe
va emAé€ovpe To A pe (z) tpomovg. K&be éva and ta z,y € A pmopovpe va
T emléEovpie pe k TpodTOLS, dpar cuvoAkd pe k2 tpodmovg. Katadriyoupe 6TL ThV
OULVOALKT] ETLAOYT] HITOPOVHE VAL TNV KAVOULHE HE

n
>+ (i)
k=0 k
TPOTOULG,.

Topa ag Stouré€ovpe TpdTa Tar oTOLXElRL T KoL Y. Oar Tdpovpe SO TEPLTT®-
oewc. [Ipdta, av x # y, toTe £x0oUPE N TPOTOLG Var StadéEovpe To = ko — 1 yio
0 Y ko éxovpe 272 TpdTOULG Yo va StoahéEovpe kémolo A C [n] mov mepiéxel To
x,y (yroti ovoraoticd apkel vo Stadé€ovpe éva vitoovolo tov A\ {z, y} ko va

oL TpocBécovpe Ta X, ). Opoiwg, av x = y, EXoupe n TPOTOLS va elLAEEOUE TO
x ko 2" Tpomovg va emdé€oupe To A. Zuvodikd Oax éxovpe

n(n —1)2"2 4 n2n~!

TPOTOULG,.
To {ntodpevo émetal. O

Aoxnon 5. [Iooeg aképateg AMoelg éxeL 1 avicwon
r1+xe+x3 <11, x; > 0;
Ynodeiln: Ewodyete pia tétaptn petafintr .
Andvinon. log tpémog: Oétovpe x4 = 11 — (21 + 2 + x3). Tote 24 > 0 KOU
T + To + 3 + x4 = 11,

omov x; > 0. To televtaio yvwpilovpe OTL €xel

14
P(11,4) = <11> = 364

Moelg.

20¢ Tpomog: AG OVOHAGOLHE T1 = X Kot T = Y. ToTte kabdg 10 T3 maipvel
Tipég amd 0 éwg 11, av Béow A = 11 — x3, tote 0 < A < 11 kou maipvoupe O,
opikel (Yoo dedopévo A vou peTprjcovpe TOUG TPOTOUG EMAOYTNG TWV X, Y ETOL DOTE

r+y<A xy=0.

TYNHATIKE, UTO eivat 1GoSHVOGO e TV amtapiBpnon Tov onpeiov tov R? pe oké-
paLLeg cCLVTETOYHEVEG TTOL PplokovTol eVTOG TOL TPLYDOVOU TToL opilovy Ta onpeio



(0,0), (0,\) kat (A, 0). T k&Be 0 < ¢ < A n ypoppry x = @ meptéyet A — i + 1
tétowx onpeio, SnAadn ovvolikd éxovpe 1 +2+-- -+ (A+1) = (A+1)(A+2)/2
tétola onpeio. KataAnyovpe 6t ) amévinon pog eivon

Lo+ +2) G+l
;0( )2( )_;(2 ) _ 364

Znpeiwon: Evyopiotodpe tov Agutépn yia TNV 1déa Tov 20V TPOTOL! O

Aocxknon 6. Me mdéoovg TpdIOLG pitopovpe va tomobeticouvpe 5 prdheg o€ 7 Kov-
TLd, av k&g kouti propel va mepiéxel TO TOAD pLar HITOACL KoL oV

i. T KOLTLL Ko oL PItddeg eivo aplOpnpéveg;

ii. ot prdheg eivo oplBpunpéveg, A ta KouTLd O)L;
iii. ot pmwddeg dev eivan aplBpunpéveg, aldd eival ta kovTLY;
iv. Tot kouTLd KoL oL ptdeg dev eivo apLlOpnpéveg;

Ardvtnon. i. H mpotn prdda éxet 7 emAoyég, 1 dedtepr 6 K.0.K.. ZUVOALKG
Bo éxoupe 7-6 -5 - 4 - 3 emAoyég.

ii. K&Be prdha Bo prcer povn tng oe évo otd to (idror peto€d toug) koutid. Apo
€YOVLE VOV TPOTO.

iii. Ovolaotikd amd ta 7 (Srupopetikd) KouTtid Ba Tpémet va emiAé€ovpe 5 Yo
va dexBolv kol prtdda. Apa éxovpe (g) TPOTTOUG.

iv. Ye k&Be mepintwon, oto Téhog B Thpoupe 5 yepdto kol 2 el KOUTLA.
Apo éyovpe évav povadikd Tpodmo. O

Aocxknon 7. Me ndéoovg TpdIOLG prropovpe va tomobetioouvpe 5 prdheg o 3 Kov-
TId, ov kéBe KOLTL TPETEL VAL TTEPLEYEL TOLAGXLOTOV HLOL HITOAAOL KOLL 0LV

i. Ta xKouTLd KaL oL pPItdAeg elvan aplOunpéveg;

ii. oL pwhdeg eivon apBunpéveg, A& Toe KoLTLA OXL;
iii. ot prdheg Sev elvar aplOunpéveg, aAAd eivot Ta KOLTLA,
iv. o KoLTL KO OL PTTAAeG Sev eival aplOpnpéveg;

Amavnon. i. Ovowotiké Pdyvoupe To TANB0G TV el CLVAPTHOEWDY ATTO TO
o0UVOAO TV PITOADV 6TO GOVOAO TV KOUTLOV. Me dAla Adyia Yéyvoupe
T0 6VUVOAO TwV enti cvvapthoewy f : [5] — [3]. Apa éxovpe

3
Z(—l)i<3>(3—i)5=35—3'25+3.15:150

TPOTOLG.



ii.

1ii.

iv.

K&be duvartr emdoyn pog oe authv v mepintwon avtiotolxel oe 3! emt-
Aoyég tng ponyoupévng (6oeg oL petabéoelc TV TPLOV KouTdv). Katadn-
youpe OTL 1) amdivtnon elvot

Edw Yayvovpe to mAn0og twv Abcewv g e€icwong x1 + x2 + 3 = 5,
z; > 1(i = 1,2,3). Avti 1 eElowon etvon LloodOvopn pe v o) + 25 + x4 =
2, 6mov 2, = x; —1 > 0 (i = 1, 2, 3). H tedevtaio éxet

o= (1) =

Edw éxovpe poALg S0 TPOTOUG Lo VAL HOLPAGOLHE TIG ETLITAEOV 2 PHITAAEC,
Kot oL §00 va HIrovv 6To 810 KouTl 1] vor Ptovv 1 kK&Be pioe oe StopopeTiko.
O

TpoTITOULG Var ALBel.

Aocxknon 8. Bpeite kAewotd TOMO Yo TG akolovbieg ov opilovy oL TAPAKAT®
YEVVATPLEG CUVAPTICELG:

i. 3z —4)3
ii. 1/(1—5x).
iii. (2% 4 1)3.
iv. 23/(1 + 3x).
v. 22+ 32+ 7+1/(1 —2?).
vi. 2e%7.
vii. 1/(1 — 22?).
oo i
Armdvrnon. i 3z — (3 (3x)1437" = <?> 43 (i) z'. Apan
=0 1=0
akoAovBia eivow n oy = (?) %
o0 oo
= Z(Bx)l = Z 5. Apa o = 5.
i=0 i=0
3. /3\ .
i, (23 +1)3 = Z <i>x31. Apa o = (g) =1la3= (i’) =3, a5 = (g’) =3,
i=0

g = @) =1lxowo; =0yxi #0,3,6,9.

3 o0 0 .
T3 i -3 i )0 0<i<2,
1+3x—x ZE 3z = g 3 95.Apocaz_{3i_3 >3




1 <.
v. 24+ 32+ 7+ .2 :$2+3$+7+ZO$22. Apa ag = 8, a1 = 3,
1=
1, 4 é&ptiog # 0,2,
g = 2, Ko oy = )
0, @ mepirtog # 1.
[e.e] o0
. (QI')k 2k+1 , k41
vi. 2e%% = 22 = Z Taf/‘k, apo oy, = 2.
k=0 k=0
s 1 i(z 2)1‘ i2z 2 A 07 iT[EpLT’Cég, ]
Vi, —— = x°) = ™ Apa oy =< .
1—222 < ; pet i 202 i &priog.
=0 1=0 9
Aoxnon 9. i. Iow eivou n yevvrtpra suvéptnon tng akolovdiog {ax }, dmov

ay, elvo To TA00G TV AVGEWwV TG T1 +T2+T3 = k KoL 1, T2, T3 AKEPALOL
pexy > 2,0< 20 <3, ko2 < a3 < 5
ii. Bpeite 1o ag.

Amavrnon. i. H yevvntpla cuvaptnor eivon
0 40,4 2
-1
ii. IIpoovdg (amd Ty TPdTN YPaAey TNG YEVVAHTPLOG), ag = 6.
O

Aoxknon 10. Bpeite pe xprion YEVVNTPLOV CUVAPTHOEWDV HE TOGOVG TPOTOVG UITO-
POVV TEGGEPLS AOTLVOULKOL VoL HoLpaoToOV 25 idla vTovar, £Tol Bote kabe aotu-
VOLKOG VO TTAPEL TOLAGYLOTOV 3 KoL TO TTOAD 7 vTOVALT.

Amavrnon. H yevwitpla cuvaptnon eivan G(z) = (23 + 2% + 25 + 25 + 274 =
2?8 + 4277 + 10220 4 2022° + 352 + 522 4 68222 + 802 + 85220 + 80z +
68218 4 52217 + 35216 + 2021% 4 1021 + 4213 4 212, &pa vépyovy 20 TpdTOL
YLt VO HOLPLOGTODVY 0L 4 G TUVOHLKOL T 25 VTOVAT. O

Aoxknon 11. H axolovbic Fibonacci opileton wg e€fc: f1 = fo = 1 xau f; =
fic1 + fi—2 yuoi < 3. Bpeite kAeiotd TOMO Yo TOV i-6T0 0po NG akohovbiog.

Ardvrnon. Katapybhg mpocappdlovpe tov opiopd wg e€ng: fo = 0, f1 = 1 xan
fi= fic1+ fie ywi < 2.Eotew G(z) 1 yevviitpio ouvaptnon. Amd tig apyikés
ouvOnKeg, Taipvouvpe

G(z) =) fir'=z+> (fir+ fir2)2' =2+ (x +27)G(x).
1=0 =2

Emopévaog

T —T 1 1 1
Glz) = l—z—22 (x—qﬁl)(x—gbg):{-')(l—(;l_l—(;z)’




omov ¢1 = (1 +/5)/2 ko 2 = (1 — 1/5) /2. Katahijyovpe 6t

=3 L C(NY ook
w35 () - () -4
Telch maipvoupe OTL
oF — 95
7

Aocxknon 12. Bpeite kAeloTd TOMO Yo TIG TOPAKAT® okoAoLBieg:

fr=

i. ar = 3ai—1 + 2 pe apywr ovvnkn ag = 1.
ii. ap = 3agp_1 + 4* 71 pe apyixr covOrixn ag = 1.
iii. ap = bag_1 — 6ag_o pe apyLkég ovvOnKkeg ag = 6 xar a; = 30.
iv. ap = ap_1 + 2ax_o + 2F pe apyicéc cuvOrKkeg ag = 4 xan a; = 12.
V. ay = 4aj_1 — dag_o + k? pe apyikég cuvOikeg ag = 2 ko ag = 5.

Ardvrnon. Oa dobpe povo to dvo mpodrTa epwthpata. Ta vdrowta Pyaivouv pe
Vv e Aoyikr), astAd 1) Abon toug eivor TOAD TeXVIKT Kot TOAOTAOKT). e k&b
nepintwon mpoteiveTar va Tae AVoete ya Skt oog e€doknon.

i. Eotw G(z) n avtiotoiyn yevvitpix cvvaptnon. Exovpe o1t

[o.¢] o oo
= Z apz® = ag + Z apz® =14z Z(Sak,l + 2)35’“*1
k=0 k=1 k=1
2x
1—2a

=14 32G(z) +

KatoAyouvpe otL

o oo oo
= 2395 Z 22 3 — 1)z
i=0 1=0

SAadn a; = 2- 3" — 1 ywed > 0.

ii. Eotw G(x) n avtictoyn yevvitpia cuvaptnom. Exovpe o1t

oo [e.e] o0
x) = Z arz® = ap + Z arpz® =14z Z(Sak_l 4 4kl
k=0 k=1 k=1

x
=1+ 32G(x) + T
Apa
1-—3z 1
1 —_ = = .
(1—-3x)G(x) i G(z) —



KatoAnyouvpe ot

o0 oo
G(z) =) (4z)' =) 4ia,
1=0 1=0
Snhadh a; = 4° yuai > 0. U
Aocxknon 13. IIocot Betikol aképotor < 100 eivou eite TeTphywva, gite mepittol;

Armdvrnon. Oétovpe A = {0 <n < 100 : nmepirtdg) ko B = {0 < n < 100 :
n tetpdywvo}. Tote mpogavawg |A| = 50 kau |B| = 10, evéd |[A N B| = 5. Etou
oIt TNV OPYT) EYKAELGHOV-ATTOKAELGHOD TTALPVOULE

|[AUB| = |A|+|B| —|ANB| =50+ 10 — 5 = 55. O
Aocxknon 14. ITécot Betikol axépator < 1000 eivan eite kOPoL, eite TeTpAYWVQ;

Armdvrnon. Oétovpe A = {0 <n <1000 : n xOPog} xou B = {0 < n < 1000 :
n tetpdywvo}. Tote mpopavag |[A| = 10 ko |B| = 31, eved |[A N B| = 3 (ot 6¢g
duvaperg). Etol atd v apyr] eYKAELOHOD-QITOKAELGHOD TAPVOULE

|AUB| = |A|+|B| - |[ANB| =10 + 31 — 3 = 38. 0

Aocxknon 15. IIéca otoryeia mepLéyel 1) évwor Tecodpwv cLVOAWV peyéboug 50,
60, 70 koL 80 avtioTorye, ov avé §Vo Tar VVOAQ ExOUV 5 KoLvd aToLyeia, avd Tpio
1 ko kavéva oTotyelo dev eivat KOLVO KoL 0T TE0OEPX;
. . ) . . , 4
Anavryon. Eotw A;, 1 < i < 4 ta cOvola avtd. Yrdpyovv (2) = 6 dwapopeTt-
’ 3 bl ’, ’ 4 ’ ’ b ’

KE€G TOEG 2 €€’ AUTOV TV GUVOAWYV, (3) = 4 S1popeTIKEG TOPEG 3 €€ AVTAOV KAl
1 Topr] kol TV Te0cdpwv. ETol, oard Tnv apxh eYKAELOHOD-0TOKAELGHOD, TTaLip-
Voue OTL

4 4 4
i=1 i—1 1<i<j<4 1<i<j<k<4 i=1
— (50 4+ 60+ 70 +80) — 6-5+4-1—0=234. 0

Aoknon 16. [Idoeg eni cuvaptroelg vTdpyovy amd to [7] oto [5];

Ardvrnon. ZOpeova e ToV avtioTolyo TOTo, T0 TA00G TV GLVAPTHGEWV Q-

TGOV givat i(_l)z‘ <?> (5—1)7. .

Aocxknon 17. Me 16600G TPOTOVG PITOPOVHE VO HOLPAGOULE 6 TToy vidiar o€ 4 Tort-
S, wote k&Be moudl va mhpel TovAdyloTov Eva oy vidt;

Armdvrnon. Ovowaotikd Yayvouvpe to TAR0og twv eni cuvapticewy [6] — [4].
Soppwva pe tov avtictolyo T0mo, To TAN00G TOV CUVAPTHTEDY AVTOV elval



