IMTANEIIXTHMIO KPHTHX
TMHMA MAGHMATIKQN KAI EPAPMOXMENQN MAGHMATIKQN
ATAKPITA MAOHMATIKA - MEM241 (XEIMEPINO EZAMHNO 2020-21)
AIAAYKQN: T'. KATIETANAKHY

1o oet aokrjoewv (Emaywyn - Baowkéc apyég amopibunong)

Amo to M. Kohovvtlaxng ko X. Tamoy piotdédovrog, Awakpita MabBnuarikd, deite
Tic ackroelg g Hapaypdeov 1.9, Tig acknoelg 1.36—-1.44 xon exeiveg Tov Kegpa-
Aadov 3.

Aoknon 1. Aeifre dtt yioe kéen > 1,9 | 4" + 15n — 1.

Amavrnon. Oo epyactovpe pe entaywyn. N n = 1, ) Tpdtaon eival Tpopavic.
Eotw 61t oybel yix kétowo n (EY). Avtd onpaiver 6tu

914"+ 1m—1 <= 4" +16n—1=9k < 4" =9k — 15n + 1,
yloe koo k € Z. Tote yia n + 1, éxovpe OtTL
4" L 15(n41) — 1 :4-4”+15n+14§4(9k— 15n +1) + 15n + 14
= 36k — 45n + 18 = 9(4k — 5n + 2).
To {nrovpevo émetal. O

Aocxknon 2. Anodeifte Tov 100 BpOiopATOC YeWPETPLKNG TTP0ddOoL, OTL dnAadr)
yio k&g aptBpo r # 1 ko axépaio n > 0,

.o
57”271 .

r—
i=0

Aravrnon. H mpodtaon eival mpogavig yix n = 0. YroBétovpe Ot 1oyveL yio n
(EY). Tote yia m + 1, éxovpe:

n+1 n+1 -1

EY
Zrirn—&-l_l_z i n+1 -4+
r—1

”+1(r71)+r”+171 _T”+271
r—1 or—1

Aocxnon 3. Aei€te 6TL yio k&Oe n:
e S 2t =2t 4o,

« 3|n3—Tn+3.

e PB4 234 pnd =20



Ardvrnon. + EAéyxouvpe 011 1 TpoTaoT woyvel yioo n = 0. YnoBétovpe oTL
LoxOeL yloe i ko yioe i+ 1, éxoupe:

n+2 . n+1 '
Si2i=n+2)22+ Y i 2= (n+2)- 272 4272 42
=1 =1

=2n-2"2 4 2.9"F2 L 9 —p.ont3 L ondd 4 9
=(n+4+1)-2"3 42

« EAéyyoupe 6t 1 pdtaon woyvet yio n = 0. YroBétovpe 6t oydel yia n
Koy o+ 1, éxovpe:

n+12—Tn+1)+3=n>+3n*+3n+1-Tn—-7+3
12((3k+7n—3)—|—3n2—4n—3:3-(li‘—i—?’b2—|-7”b—2).

« EA¢yyovpe 011 1) TpoTaon woxvet yiao n = 0. YroBétovpe O6TL 1oydeL yior 1
Koy 1+ 1, éxovpe:

s By n°(n +1)°
(n +%)2(n2 +4(n+1))
(n + 1)2(n24-|— 4n +4))
(n+ 1)2(ni 2)2‘

4

P+22+ 40+ (n+1) +(n+1)°

Aoxnon 4. Eoto eg, €1, €2, . . . axohovBio wov opileton wg e€ng:

60:1, 61:2, 62:3,
ey = €1+ ep_2 + ep_3, Yl k > 3.
Aeikte 6tL €, < 3" yia kéBe n > 0.

Aravrnon. Oo XproLHoToL|covpe Lloxvpn eraywyn. [lapatnpodpe 6TL TpdrypatTt
en < 3" yuen =0,1,2. YroBétovpe ot ), < 3k yia k&be 0 < k < n yux k&roto
n > 2 (EY). Tote ywx n + 1, éxovpe 6T

EY 1 9
entl =€n+epn_1+e,o <3"+3"0 +3"
<3437 4+3"=3.3" =3t O

Aoknon 5. Av f(x) = ze® kaw g(x) = ", Seifte 6TL OL N-0TEG MAPAYWYOL TOUG
eivon V() = (2 4 n)e® kau g™ (z) = "€ avticTorya.



Andvrnon. T n = 0 woyvovv kot ot 0o wpotdoels. Eotw 611 toybovv yix n
(EY). Téte yia n + 1, éxovpe 011

FE0@) = (@) = (24 me) = (4 e + 2+ )Y
="+ (x+n)e” =(x+ (n+1))e",

Ko
/
g(n—&-l)(x) _ <g(n)(x)> _ ( nec:l:)/ = "t = ntlecr ]

Aocxknon 6. To TpLOHLVO eivor TOPOpOLO He TO VIOHIVO, OAAL atotedeiTon amd
Tpia koppartio oe oxrpa I'. Xpnoomowdvtag emoywyr, deiéte 6tL kdbe 2™ x 27
OKOKLEPQL TNG OToloG AglmeL éva 0oLOdNTOTE TETPAYWVO, PItopel var kadv@Bel
oTtO KOPHATLO TPLOMLVO.

Aravrnon. Tia Tnv Katovonon ToV ToepokaTt eTLYEPNHATOY, kahd Bu elval va
npoonabroete vo oxediioete Ta mEPLYPOPOpEVOL PrIHATO.

TNan = 1 nnpodtaocn eivon tpopavig. Eotw o1t oyvel yian (EY). Ag mépouvpe
THpa i okakLépa peyéBoug 27 x 27 e omoiag Aeimet éva Tetpéywvo.

Xwpllovpe TNV OKAKLEPX GTNV HEST), TOCO OTO KOG, 0G0 Kal 6To LYOC, He
omoTéAeopa vo Tapovpe 4 (vrto)okakiépeg peyéBoug 2™ X 2™ 1 kaBepic. EE avtov,
HLoL TTEPLEXEL TO TETPAYWVO TOL EAeLTte ad TNV artd TNy apylky okokiépa. Amd
v EY propodpe v koddovpe avtriv Ty (LIT0)oKOKLEPX e KOPPATLO TPLOPLVO.

T Tig GAAeg 3 (vTo)okakLEpeg, TOTOOETOVHE VOl TPLOHLVO GTNV HEST) TNG oLp-
XLKNG OKAKLEPQA, £TOL OGTE VoL KOADPEL Eva akpLpOg TeTpaywvo amd tnv kobepior.
ITAéov kar ot Tpelg awtég (Vo)okakiEpeg LIToAeimovtal akpLPdG eVOG TETPAY®-
VOU, eMOPEVOG KAADTITOVTOL KOl QUTEG ME TNV GELPA TOUG HE KOUHATLO TPLOHLVO
and v EY. U

Aocxknon 7. Anodei€te 6TL TO ABPOLOHA TWV EGWTEPIKMOV YOVLOV £VOG KLPTOV TTO-
ALY®OVOL pe n > 3 Kopugég eivar (n — 2).

Amavrnon. Tia Tnv Katovonor ToV TepokaTe eTLYELPNHATOV, kKahd Ba eival va
npoonabricete va oxedioete Ta mEPLYPOPOpEVOL PriHaLTa.

INoa n = 3 n woxdg g mpodTaong eivar yvwortr. Yrobétovpe OTL éva KupTod
n-yovo éxet ddpotopa yovidv (n-2)m (EY). Ag mépovpe todpa éva kuptd (n+1)-
yovo. Evdvoupe ta amopakpuopéva dcpa 00 dLadox kv TAELPOV, £TOL OOTE VA
XWPIOOLE TO oYU Hag o€ £va Tplywvo kot £va n-yovo. Ertiong mapatnpoipe
OTL TO ABPOLOHA TV YWOVLOV TOL OPYLKOD HOG OXNHATOG elvat Loo pe To dBpolopo
TOV YOVIOV TV O00 VEWV OYNHATOV.

Amd v EY 1o n-yovo éxer @Bpotopa yovidv (n-2)m kai to tpiywvo éxel
&Bpotopa yovidv . Eopéveg to (n + 1)-ywvo éxel dOpotopa yoviov (n-2)m +
m = (n — 1)7 xou To {nrodpevo émeton. O

Aoxnon 8. + Me moc0ovg TpodTOLG Pitopolpe va emhéEouvpe S0 LTTOGVVOAQ
A, B tov [n] dote A C B;



« Me ntdo0vg TpodTOLG PIopovpe Vo emhéEoupe 300 vitocvvora A, B tov [n]
wote AU B = [n];

« Me ntdo0vg TpdTOLG PIopovpe va emhé€oupe 300 vitosvvora A, B tov [n]
wote A C B;

« Me ntdo0ovg TpdTOLG PIopovpe va emmAé€oupe 300 vitocvvora A, B tov [n]
oote ) C A C B;

Andvnon. « Ipoxepévou va éxovpe A C B C [n], yuukéBe otoryeio = € [n]
éyoupe TG eENg emAoYEg:

1. x € A,z € B,
2. x€EB,xz & A,
3. x ¢ B,z & A.

E@pooov éxoupe cuvolilkd n TETOLX GTOLY L), GUVOALKG OL ETTLAOYEG HOG eivart

3---3=23".
N——
T QopEg

« IIpoxeyévou va éxovpe A U B C [n], yux k&Be ototyeio x € [n] éxovpe T1g
e€ng emAoyég:

1.z € A,z € B,
2. x € B,z & A,
3. t¢ B,z € A

Egpbooov éxovpe cuvoAlkd n TéTOLo GTOLYELR, GUVOALKQ OL ETTLAOYEG Hag elvort

3---3=3"
—
T POPEG

« Ipokepévou va éxovpe A C B C [n], apkel vo petpricovpe Tig emAoyég
pag yioe va wépoope A € B C [n] ko atd avtég va apapécovpe exei-
veg 6mov A = B. Tov mp®to aplBpd tov voroyicape (o€ Tporyodpevo
ePAOTNUX) G 3" KoL, 66OV apopd aTov devTePO, eVKOA PAETOVpE OTL OU-
OLXOTIKA LoovTOL e TO TA00G TwV LITOGLVOAWY Tov [n], dnAadh pe 2™.
Emopévag n amavinon eivo

3" —2"
« Ed® pitopoipe va oke@Tolpe OIS mpLy, OTAR ETLOTG VO ALPOLPEGOVE KO
v nepintwon B C [n] xouw A = () mov cvpPaiver axpifag 2" popég. Oa

TPETEL OPWG VO TOPATTPHGOLHE OTL 1) Tepintwor (kat pévo avtr) A =
B = () éxer apoupebei 00 popég. Katahfyovpe 611 n atéevenon eivou

3n_9on 9" 41 =37 _ontl 41 O



Aoxnon 9. Eoto pa 8 x 8 okakiépa. [Ioca opboydvia ov dev eivau TeTpiywvea
HITOPOVE VO OYEDLALGOVE e KOPLPES TTAEVPEG TNG OKOKLEPOG;

Aravrnon. T Tnv Katovonon ToV Toapokate eTLXEPNHATOY, kahd Bu elval va
npoomabnoete va oxedldoeTe Ta TEPLYpOPOpEVA PriparTat.

K&Be tétolo opBoywvio opiletal povooHpovta g 1 TORY Hiog K&BeTng kot
pog optlovrtiog “Awpidag” otnv okakiépo. Kabe puo amd awtég tig Awpidec, opi-
Cetan povoonjpavta omtd éva vootvolo peyéboug 2 tov {0, 1, ..., 8}, wov oplo-
Betel T xpa tov. T kéBe éva otd ot T SLovvoAa prtopovy va emhexBovv

pe (g) Tpomovg. KataAfyouvpe 0Tt €xoupe cUVOALKA (2)2 tétowa opBoywvia. [

Aocxknon 10. Av oo pua 8 X 8 okokiépo Pydlovpie dV0 VTISIOPETPLKE YW VIOKK
TETPAYWVA, e TOGOVG TPOTOVS PITOPOVHE Vo KAADoLpE OKPLPOG TNV OKaKLEPA
pe (Un emKoALTTOHEVOL HETOED TOVG) VTOHLVO.

Ardvrnon. Tl TNV KATovonon TOV TOPAKAT ETLYELPHATOV, KOAO Do eivor va
npocmabnoete va oxedlkoeTe Ta TEPLYpaPOpEVa PripocTar.

Xpwpoartifovpe TNV oKoKLEpA Pe ACTP KoL POt Pa TETPAYOVA, OTIWG TIG OKO-
KLépeg Tov okaklov. Thpa mapartnpolpe 6TL éva vidpLvo ov B tomobetnBei otnv
oKoKLEPo KAAOITTEL otk pLBOG Evar Hordpo KoL Eva AOTTPO TETPAYWVO, e AN AOyLo
TOAAG vTOpIVO Bt éxouv KaAbYeL TOV i510 aplBd GOTTPWV KoL HOOPWV TETPAY®-
V.

Opwg av Pydrovpe dvo AVTISLPETPIKA YOVIOKE TETPAyV otd o 8 X 8
OKOKLEPX, T TETPAYWVA VT £XOULV TO L1OL0 X POH, SNAadT| 1) oKokLEpa pog dev
éxeL To do mARBog dompwv Kol padpwv TeTpaydvwy. KataAfyovpe 0Tt eivor
adtvartov va yivel 1 {ntodpevn kaAiuvym! O

Aoknon 11. Aeifre 6L yioe k6Be n > 5, (2:) < 222,

Ardvrnon. Tapatnpolpe 6TL To {nTodpevo woyxvel yia n = 5. YroBétovpe OtL
ovel yia kémroto n > 5 (EY). Tote yia n + 1 éxovpe:

(2(n+1)>: (2n +2)! (2n)!.2.2n+1_<2n>'2.2n+1
(

n+1 n+Dn+1)!  nln! n+1 n n+1°
Amo v EY, éxovpe (27?) < 22772 v % < 2. KatoAnyovpe 011
2(n+1) < 9212 92 _ 92(n+1)-2 0
n+1 '

Aoknon 12. Tl6cot Betikoi aképototr n vidpyovv pe n | 4800 ko 4 1 n;

Amdvrnon. Eyovpe 611 4800 = 26 . 3. 52, Emopévag éxovpe 6tL n | 4800 <=
n = 2i'3j'5k,}180 <1<60< 7 <1l <k <2 Tavtoxpova
4=2%tn <= i< 2 Apaylo v IKAVOTOLODVTAL OAOL OL TTEPLOPLGOL, oLpKet



0<i<1,0<7<1xon0 <k <2, 0mdte éYOUe 2 eTLAOYEG YLOL TO 4, 2 ETLAOYEG
Yl To j kot 3 emAoyég yio To k. ZuvoALkd EXOupLe

2.2.-3=12
eMAOYEG. O
Aoxnon 13. Aci€re 6t yie ke n > 0,1- 1142214+ -4 n-nl = (n+1)! -1

Anavryon. T n = 0 n npdtacn woyvel. Eotw 61t oxvet yue n (EY). T n + 1,
€Y OVE

-1 42-204+--+n-nl+(n+1) (n+1)!

Zn+D -1+ (n+1)-(n+1)

=(n+2)-n+-1=Mn+2)! -1 [

Aoxnon 14. Av A = {0,+1,+2,...,+n}, va PBpeite o TAfBog Twv aptiev
KoL TV TEPLTTOV ovvapthoewy [ @ A — A; (M cuvaptnon f eivon dpria
av f(—z) = f(x) xou eivan mepurrij av f(—x) = —f(z), yue ke x oTo Medio
OpLGHOD TNG.)

Anavrnyon. Tlopatnpolpe OTL LTTAPYEL PLot avTIoTOLY lot avapeca 6Ta cOVoAa A =
{f: A= A faprna}xauB={g:{0,1,...,n} = A}, wg e&njc:

A—=B: f(x)=g(®) = f lj01,.n)

ol z) — g(ﬂf), x>0,
B%A-ﬂ)Hﬂ)_{%ﬁ%xSQ

Eropévo |A] = |B] = [0 = [AH0Ln}l = (25 1 1)7+1,

T TIg TEPLTTEG GLVAPTIOELS TOUPATIPOVHE OTL emeldn) av f mepLTTr] €YOovpe
ot f(0) = 0, emopévwg (opoiwg pe pwv) n avtiotoryio Ba eivon avapesa otig
neprrtég f 1 A — A xou otig ovvaptroeig {1,...,n} — A mov eivon (2n + 1)"
T0 TAN00C. O

Aocxknon 15. Eotw 61t 100 (Srapopetikoi) portntég etépyovtal oe dvo aibov-
oeg e€eTdoewv, TNV aibovoa A pe xwpntikotnta 80 apBpunpévev Bécewv kot Tnv
aibovca B pe xywpnticdtnta 40 apbunpévov Bécewv.

1. YnoAoyiote to TA00g twv duvat®v Tomobetoewy TV QOLTNTOV 6TLG SV
aibovoec.

2. Eotw 611 a1td Toug (Sroupopetikong) eortnTég, 60 eivar kopitolx ko 40 eiva
ayopia. Yroloyiote to TAN00g TV duvat®v Tomo0eTHOEMY TV POLTNTOV
ot dvo aibovoeg av GAa Tar aydpLa kaBicovv otV idia aibovoa.

Ardvrnon. 1. O mpidTog portnTig éxel 120 Béoerg va emiéEel. O dedtepog 119

k.0.k.. Eto éyovpe cvuvohwkd 120 - 119 ---21 = 122—00!! EMAOYEG.



2. Oa mapovpe d00 TEPLTTHOCELS:

() T ayodprae kéBovron otnv aifovoa A. Tote (pe v S Aoyikn pe
7pL) T ayopLo B kdtoovy pe 2—85 TpodIOULG, £ved Ta 60 Kopitola Ba
K&toovv otig vtorowneg 80 Béoelg e 2—85 TPOTTOVG. ZUVOALKK £XOUHE
i—gi . 2—85 TPOTOULC.

(B") TaaydpiakdBovron otny aibovoa B. Tote n aifovoo avtr| Ba yepioet
pe ta ayopla pe 40! tpomoug ko tar kopitowa Oa khtoovy oty A pe

' . . I
% TpOTOLG. Zuvolikd Ba éxovpe 40! - % TPOTOUG.

KataAnyovpe 6tL cuvoAikd Ba éxovpe

— + 40! — - | — + 40!

80! 80! 80! 80! /80!
40! 20! 20! 20! \ 40!

TPOTOULG,. O
Aoknon 16. Zta TapOKATOD EPOTHRATO SEV ETUTPETOVTOL ETAVOATPELG.

« I6covg TeTpadfiolovg aptBpovg propoipe vor oXNUATICOVHE pe Ta Ymgio
1,2,3,5,7,8;

« II6coug tetpayngroug aptBpovg < 4000 propolpe va oXNUATICOUHE pe To
yneia 1,2,3,5,7,8;

« IT6covg GpTiovg TeTpadPLlovg apLtBpovg HITOPOIE VO GXLATICOVLE HE TO
yneia 1,2,3,5,7,8;

« II6covg mepirToig TeTpoiPLovg aptBong PWITOPOVE VoL GXNHATIGOVHE e
ta yneia 1,2,3,5,7,8;

« IIocovg TeTpafproug aptBpovg kot TOAAXTTARGLO TOL 5 HTTOPOVHE VO GXT)-
paticovpe pe o Yynepio 1,2,3,5,7, 8;

« ITocovg teTpamploug aplBpoig wov mepiLéyovy kat o Ynplo 5 kot To Ynelo
3 propovpe va oxnuaticovpe pe o Ynepia 1,2,3,5,7, 8;

Amavrnon. « T o Tp®TO Ymepio éxouvpe 6 emAoyég, yioe To de0TEPO 5, YLt TO
Tpito 4 ko yio 10 T€TapTo 3. ZuVvoAlk& 6 - 5 - 4 - 3 emiAoyég.

« Ta to mpidTo Yneio éxovpe 3 emhoyég (1, 2, 3), ywr to devTepo 5, yio To
TPiTo 4 Kal yio To TéTopto 3. Xuvolka 3 - 5 - 4 - 3 emhoyég.

« T to tedevtaio Yneio éxovpe 2 emroyég (2, 8), yio to Tpito 5, yio TO
delTEPO 4 KOl Yl TO TPWOTO 3. ZUVOALKA 2 - 5 - 4 - 3 emloyéc.

« T to tedevtaio Ymeio éxouvpe 4 emAoyés (1, 3, 5, 7), yio o Tpito 5, yia TO
devTepo 4 kot yia To TpwTo 3. ZuvoAikd 4 - 5 - 4 - 3 emAoyéc.

EvaAlokTikd propolpe va oke@Tovpe OTL €XOUHE OAeG TIG eMIAOYEG (TOV
TPATOV EPWTHHATOG) EKTOG TOV APTIwV (TOL TPONYOVHEVOL EPWTIHATOG),
MAadn6-5-4-3—-2-5-4-3=4-5-4-3 emhoyég.



+ T To Televtaio Yngio éxovpe 1 emroyn (5), yix To Tpito 5, yio To dedTepo
4 Koyl 7o TpdTo 3. ZuvoAlkd b - 4 - 3 emhoyéc.

« 'Exovpe 4 tpdmovg va torobetricovpe to Yneio 5 (o€ pia atd tig 4 Béoelg)
Ko 3 Tpodmovg va tomobetricovpe To Ynoio 3 (oe pia ad TG vItdAoLeg 3
Béoeic). H mpotn amd tig vodowneg Béoelg pmopei vo mAnpwbet pe 4 tpod-
movg Kot 1) devtepn pe 3. Zvvorikd Ba éxovpe 4 - 3 - 4 - 3 emhoyéc. O



