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5th exercise set
Exercise 1. Let p be a prime and m € Z~(. Prove that the congruence
2™ =0 (mod p™)
has exactly p™ ! solutions.

In the Exercises 2-5, we will study, whether a is a quadratic residue
modulo n, for arbitraryn, if (a,n) = 1. In particular, Exercise 5 can be
used as a stated theorem.

Exercise 2. Let n = 2”]9?1 pZ" where » > 0 and n; > 0, be the prime
factorization of n. Further, let (a,n) = 1. Then

22 =a (mod n)

is solvable if and only if 2 = a (mod p;')issolvable fori =1,...,kand 2=a
(mod 2") is solvable (if r > 2).

Exercise 3. Let p be an odd prime, 7 > 1 and p { a. Then 22 = a (mod p") is
solvable if and only if 2 = a (mod p) is solvable.

Exercise 4. Let a be an odd number and r > 3. Then 22 = a (mod 2") is solvable
ifand only ifa = 1 (mod 8).

Exercise 5. Let n = 2"p}* .- -pZ’“, where r > 0 and n; > 0, be the prime
factorization of n. Further, let (a,n) = 1. Then
2> =a (mod n)

is solvable if and only if (i) =1,foralli=1,...,nand

1 (mod8), ifr>3,
a=
1 (mod4), ifr=2.

Exercise 6. Solve the congruence 42* + 423 + 622 + 21z + 7 =0 (mod 252).

Exercise 7. Compute the following symbols:

() ) () ()



Exercise 8. Check whether 22 — 62 — 13 =0 (mod 127) is solvable.
Exercise 9. Check whether 22 = 7 (mod 19) is solvable.
Exercise 10. Find all the primes 10 < p < 100, such that p | n2 + 1, for some n.

Exercise 11. Let p be prime, such that p = 3 (mod 4). If a®> + b?> = 0 (mod p),
show that a = b =0 (mod p).

Exercise 12. Show that, if n is a positive odd number,

<6> _J1, ifn=4lor £5 (mod 24),
n)  |-1, ifn=47or £11 (mod 24).
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50 G£T AOKNOEWDY
Aocxknon 1. Eotw p npdtog kaw m € Zsq. Aei&te 6TL 1) tooTipio
2™ =0 (mod p™)
éxel axptBoe p™ ! Aboelc.
Xng Aokrjoeig 2-5, Oa pedetrioovue kard w600 0 a iVl TETPAYWVIKG
vréAowuro n, yix ooiovdtmote n, e (a,n) = 1. Eifikdrepa, n Aoknon 5

pmopei va ypnopomoinfei wg Bewpicr.

Aoknon 2. Eotwn = 2"pi* - - pi*, dmov r > 0 ko n; > 0, n maparyovrosoinom
o€ TPOTOLG ToL N Av (a,n) = 1, tote N

22 =a (mod n)
etvou emAbon ov kot povo av 22 = a (mod pl'*) etvon emhdoyn yio i =
1,...,kxounz? =a (mod 2") eivon emAbopn (6tav r > 2).

Aocknon 3. 'Ecte p meptttog mporog, 1 > 1 ko p t a. Tote n 22 = a (mod p")
etva emAvon av ko povo av 1 22 = a (mod p) eivon emAdoyn.

Acknon 4. Eotw a mepittog ko r > 3. Tote n 22 = a (mod 27) eivan emhdopn
av kot povo av a = 1 (mod 8).

Aoknon 5. Eotwn = 2"pi* - - p.*, dmov r > 0 ko n; > 0, n maparyovromoinot
oe TPOTOLG TOL n. Av (a,n) = 1, tote n
2> =a (mod n)

elvou emAbon av kol povo av (z%) =1 yiekabei=1,...,n K
1

1 (mod8), avr>3,
a=
1 (mod4), avr=2.

Acknon 6. Avote v iootipio 4zt + 423 + 622 + 212 + 7 =0 (mod 252).

Aocxknon 7. Yroloyiote to mapokdtw cOpfola:

() ) () ()



Acknon 8. Efetéote katd méco 1 weotipio 22 — 62 — 13 = 0 (mod 127) eivan
emAOG ).

Aocknon 9. E€etéote katd moco n wootipioc 22 = 7 (mod 19) eivan emAvopn.

Acknon 10. Bpeite 6Aovg Tovg Tp@Tovg 10 < p < 100, tétolovg dote p | n?+1,
Yyl k&rolo n.

Aocknon 11. ‘Ecte p mpdTog, Tétolog wote p = 3 (mod 4). Av a®? + b = 0
(mod p), deiéte btria =b =0 (mod p).

Aocxknon 12. Aei€te 611, av n OeTikdg mepLttog oplBpodc, ToTE

<6>_ 1, avn=+119 +£5 (mod 24),
n)  |-1, avn==474 £11 (mod 24).



