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1st exercise set

Exercise 1. Without using induction, show that for every n, 2 | n(n + 1) and that 6 |
n(n+1)(n+2).

Exercise 2. Show that for every n € Z>q, 7 | 32"+ 4 2n+2,
Exercise 3. Show that for every n € Z>1, 15 | 24" — 1.
Exercise 4. Show that for every A, aq,...,a, € Z,

1. [Aa1,..., a,] =|Ma1,...,a,) and

2. if [a1,...,ap] = m, then e ) =1
Exercise 5. Find all the integers a # 3 such thata — 3 | a® — 3.

Exercise 6. Find all the integers a such that both 624 and 301 leave a remainder of 16 when
divided by a.

Exercise 7. If n > 1, show that n* + 4 is composite.

Exercise 8. Without using Dirichlet’s theorem, show that there are infinitely many primes
of the forms 4k + 3 and 6/ + 5.

Exercise 9. Find all a, b € Z~, such that ab = 480 and [a, b] = 240.

Exercise 10. Let a = a,, - - - ag be the decimal expression a, i.e., a = Z:'ZO 10%a;. Show
that:

(@ 2|a < 2]ap. (b) 3|la <= 3>, a.

(¢ 4|a < 4]10a; + aop. (d 5|a < 5]ao.

) T7la <= T7|2a— *35° ) 9]a <= 9>, a.

@ 1l]a < 11X " (-1)a;. (h) 25|a < 25| 10a; + ap.

Exercise 11. Find all z € Q, such that A = 322 — 5z € Z.
Exercise 12. Show that if 2" — 1 is a prime, then n is a prime.

Exercise 13. The Fibonacci sequence1,1,2,3, . ..isdefined recursively as ap+1 = an+an—1,
forn > 2,and a; = ay = 1. Show that (ay,, ap4+1) = 1 for every n > 1

Exercise 14. Suppose that a,b > 1 and (a, b) = 1. Then:

1. There exists some x,y > 0 such that ax — by = 1.

2. If 2* = y°, then = n® and y = n® for some n.

3. For every n > ab, there exist some xz,y > 0 such that n = ax + by.
4. There are no x,y > 0 such that ab = ax + by.

Exercise 15. If @ > 1, then (™ — 1,a" — 1) = a(™™ — 1.
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1o oeT oK CEWV

Aoknon 1. Xopic va k&vete xprion enaywyng, dei€te 6Tt yux kébe n, 2 | n(n + 1) ko 671
6| nn+1)(n+2).
Aoxnon 2. Aci€te 6L yioe k6Oe n € Zso, T | 32 L 4 2742,
Aoknon 3. Aei€te 6Ty k&Oe n € Z>q, 15| 247 — 1.
Aocxnon 4. Aei€te 6Tyt k&Oe A, ay, ..., an € Z,
L [Aai,...,Aay] = |A|[ag, ..., ap] kou
2. av[ay,...,a,) =m, toTE %,,%) =1.
Acknon 5. Bpeite 6Aovg Toug axépatovg a # 3 tétolovg wote a — 3 | a® — 3.

Aoxknon 6. Bpeite 6Aovg Toug axépaiovg a tétolovg dote apgdtepot ot 624 ko 301 aprj-
vouv vroAowro 16 av SiapeBodv amod tov a.

Acknon 7. Avn > 1, Seifte 6110 n* + 4 eivan chvOetoc.

Aocxknon 8. Xwpig va k&vete xpron tov Oewprjpartog Dirichlet, deikte 6t vTdpyovv dterpol
TPATOL TV PopPodV 4k + 3 ko 64 4 5.

Aoknon 9. Bpeite 6Aovg toug a, b € Z~, tétoovg wote ab = 480 xou [a, b] = 240.

Acknon 10. Av a = ay, - - - ag etvon 1 Sexodiky ékppacn Tov a, Snhadr a = > it 10%a;.
Aei€te OtU:

(@ 2|a < 2]ap. b) 3la <= 3|X,a.

() 4]a < 4|10a; + aop. (d 5]la < 5]ao.

() 7|a < T7]2ap— 55° 0 9la <= 9>, a.

@ 1l]a < 11|X7" (-1)a,. (h) 25|a <= 25| 10a; + ao.

Acknon 11. Bpeite 6hovg Tovg x € Q, Tétolovg wote A = 322 — 5z € Z.
Aocxknon 12. Aegi€te 6TLav 0 2" — 1 eivou Tp®dTOG, TOTE 0 N Elva TPADTOG.

Aocxnon 13. H akodovbia Fibonaccil, 1,2,3, . . . opileton avadpoptkd amd TiG oXECELS Apt+1 =
ap, + Gp—1, yran > 2, ko a; = ag = 1. Aei€te 611 (ap, ant1) = 1 yra k&Be n > 1

Aoknon 14. Ava,b > 1 ko (a,b) = 1, dei€te oTu:

1. Yrapyovv z,y > 0 tétolol wote ax — by = 1.

2. Av 2 = 3, t61e & = nb xou y = n® yia k&mOLO M.

3. T k&Be n > ab, vapyovv kamotor x,y > 0 Tétoln dote n = ax + by.
4. Aev vrtapyovv x,y > 0 tétolol wote ab = ax + by.

Aoknon 15. Ava > 1, tote (@™ — 1,a" — 1) = o™ — 1,



