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POLYNOMIAL CONGRUENCES -
INTRODUCTION



Let )
fx) = fix' € ZIx]
i=0

be a polynomial over Z. A congruence of the form
f(x)=0 (mod n),

where x varies, is called a polynomial congruence
(moAuwvupikn tooTipia). The largest i, such that f; # 0
(mod n) is the degree (BaBpog) of the congruence. Some
Xo € Zn, satisfying f(xo) = 0 (mod n) is a solution (Abon) of
the congruence.
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 The degree of a polynomial congruence may be smaller
than the degree of the corresponding polynomial. For
example, if f(x) = 5x? + 2x + 1 € Z[x], then the degree of

f(x)=0 (mod 5)

is 1, while, clearly deg(f) = 2.

« In the same sense, the polynomials f = Z,f'zof,-x" € Z[X]
and g = >, giX' € Z[x], give rise to the same polynomial
congruence (mod n) iff f; = g; (mod n) for every i. For
example, the polynomials 5x? + 2x + 1 and 2x + 6 define
the same polynomial congruence modulo 5.
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Equivalent polynomial congruences

Definition

Two polynomial congruences are (loo8Uvapeg) if
they have the same solutions.

Example
The congruences

X*+x=0 (mod7) and x*+x=0 (mod7)
are equivalent, since they share {0,6} C Z; as their set of
solutions.

Remark

The above example demonstrates that equivalent
congruences can be different.
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Suppose that we are looking for the solutions of
21 + X% —24x +143 =0 (mod 11).

First, where applicable, we replace the coefficients, in order to
get a simpler expression of the same congruence as follows:

x> —2x=0 (mod 11).

Then, we check the validity of the above for all the elements
of Zq: (here, it is more convenient to take

Zy = {0,417, 42,43, +5}) and easily see that the solutions are
0 and 2.
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Remark

The method described above is, of course, valid, universal
and correct. However, if the numbers (and in particular the
modulus or the powers) are large, it is problematic.

In certain cases, it is possible to split the problem into
smaller, more manageable ones.
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POLYNOMIAL CONGRUENCES MODULO A
PRIME




An important reduction

Proposition
Let p be a prime. The polynomial congruence

fx)=0 (mod p),
where

) = fx,
i=0

is equivalent to some polynomial congruence of degree < p.
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Fermat’s theorem implies that for everya € Z, a? = a
(mod p). It follows that for very j, there exists some
0 < 0(j) < p, such that @ = a°) (mod p), forall a € Z.

It follows that for every a € Z, we have that f(a) = g(a)
(mod p), where

where, foro <i<p -1,

The result follows.
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Number of solutions of polynomial congruences modulo p

Theorem

Suppose that p is a prime and that the polynomial
congruence

fx)=> fx'=0 (mod p)
i=0

has degree n, then is has at most n solutions modulo p.
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Proof (Sketch)

We will use induction on n. The result is clear for n = 0.
Suppose that it holds forn = k — 1.

Finally, let n = k. If the congruence has no solutions, then the
result holds. Let § be a solution, in the case where it has one.
Then, for every x,

kR R
f)=fx) - =D fx = > fi€
i=0 i=0

k kR
= fix — €)= (x—§) ZfIQi(X) (mod p),
i=1 i

where g;j(x) = 5= g, is a polynomial of degree i — 1. Now, let

g(x) = Z?:1j”,q,( x). The result follows from the induction

hypothesis and the fact that degg = k — 1. -



Take the polynomial congruence
fX)=3x +2x* +x° +2x3 +6=0 (mod 5).
Fermat’'s theorem states that for every a € Z, we have that
a®> = a (mod 5). Hence
a=ad’a*>=a-a*=a> (mod 5),
a®=a’a=aa=a’* (mod5),
a>=a (mod5).
So, an equivalent congruence would be
3CH2C x4+ 23 +6 =5 +2X* +x+6 = 2x* +x+1 (mod 5).

We easily check that the latter is not satisfied for
x = 0,4+1,42, so we conclude that it has no solutions.
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POLYNOMIAL CONGRUENCES MODULO A
COMPOSITE




A reduction technique

Proposition

If, forsomen € Z-o, n = py" - ~ka is its prime factorization,
then the polynomial congruence

f(x)=0 (mod n),

where f(x) € Z[x], is solvable iff, for every 1 < i < R, the
polynomial congruence

fx)=0 (mod p7)

is solvable. Moreover, if each of the above congruences has
L(i) solutions, then the original one has L = L(1) - -- L(R)
solutions.
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Proof - Existence

(=) If, for some @, f(a) = 0 (mod n), then (given that p' | n), it
is immediate that f(a) = 0 (mod p."), Vi.

(<) Suppose that, for every i, there exists some a;, such that
flaj)=0 (mod p’).
Since p7", ..., pzk are pairwise co-prime, the Chinese

Remainder Theorem, ensures the existence of some a, such
that a = a; (mod p?"), for every i. It follows that, for every i,

fla) = f(a)) =0 (mod p}"),
which, since p7", ..., pzf* are pairwise co-prime and
n=p{"---pyk, implies that

fla)=0 (mod n).

This completes the existence part of the statement. eV



Proof - Cardinality

The part of the statement regarding the cardinality of the
solutions, follows from the existence one. Namely, the proof
of the previous part implies that every collection of solutions
a €7 P - AR €Z ol corresponds to exactly one solution
ae Zn The desired result follows.
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We are interested in finding the solutions of
f(x) =7x" +16x* +10 =0 (mod 21).
Since 21 = 3 - 7, we can instead study the congruences
f(x)=0 (mod 3) and f(x) =0 (mod 7).

Lets begin with the first one. After employing Fermat's
theorem, it is easy to check that f(x) = 0 (mod 3) is
equivalentto x> + x + 1= 0 (mod 3). We explicitly check
x=0,+1 (mod 3) and we verify that x =1 (mod 3) is the
unique solution.
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Now, we turn our attention to the second one. It is easy to
check that f(x) = 0 (mod 7) is equal to 2x?> + 3 = 0 (mod 7).
We explicitly check x = 0, +1,+2, +£3 (mod 7) and we verify
that we have the solutions x = +3 (mod 7).

It follows that the solutions of the original congruence are
exactly the solutions of the following systems

x=1 (mod 3), and x=1 (mod 3),
x=3 (mod7), X=4 (mod7).
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Notice that the Chinese Remainder Theorem ensures that
both systems have a unique solution modulo 21. We explicitly
solve both of them (using any method) and attain the
solutions

x=10 (mod21) and x=4 (mod 21).
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Stay home, stay safe!
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