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2ND SET - ANSWERS



Exercise
Show that for every n > 1, u(n)u(n + Np(n + 2)u(n +3) = 0.

Answer
The result follows immediately as a combination of the
following facts:

1. Let 0 < r < 3 be the remainder of the euclidean division of
n+3by4 Then4|n+3—randn+3—r=nn+1n+2
orn+3.

2. If 4 | R, then R is not square-free, i.e., u(kR) = 0.

2/18



Exercise 3

Exercise
Let p be a prime. Show that

A

ifn=1,
>_H(d)u(ged(p.d)) = {2, ifn=p? a>1,

din 0, otherwise.
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Exercise 3

We consider the following cases:

« If n =1, then, clearly,

> u(d)u(ged(p, d)) =

din

« Ifn>1andptn,thenVvd | n, we have that
gcd(p,d) =1 = p(gcd(p,d)) = 1. It follows that

> " p(d)u(ged(p,d)) = > p(d)

din din
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Exercise 3

« If n > 1, p | nand n # p° Then we write n = p?m, where
m >1,b>1and (m,p) = 1. It follows that

> H(d)u(ged(p. d))
din
= Y u(d)p(ged(p,d))+ > p(d)u(ged(p,d))
din, ptd din, p|d
= u(d)+p(p)> > u(d) =
dim dim
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Exercise 3

« If n=p9 a >1,then

> H(d)u(ged(p,d)) = > u(p'u(ged(p,p"))
i=0

din

P+ u(pu(p)
=2

=1+ (-1)2+0=2.
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Exercise 4

Exercise
Show that for every n > 2, p(n) is even.

Answer
We take two cases:

1. If n =29, where a > 2. Then @(n) =291, wherea — 1> 1,
so (n) is even.

2. If nis divided by an odd prime p, then we easily see that
p — 1] @(n). Thus, since p — 1is even, so is @(n).
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Exercise
How many numbers 1 < k < 3600 have a non-trivial common
factor with 3600?

Answer

First, notice that 3600 = 23252, Also, in total, we have 3600
numbers in the interval 1 < k < 3600. Among them, there are

©(3600) = 2471327152-1(2-1)(3—1)(5—1) = 23.3.5.1.2-4 = 960

numbers that are co-prime to 3600. It follows that the
remaining 3600 — 960 = 2640 numbers in the interval have a
non-trivial common factor with 3600.
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Exercise
Show that m | n = @(m) | @(n).
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Exercise 6

Since m | n, we can assume that if

m m
m=py'- P

where m; > 1, is the prime factorization of m, then the prime
factorization of n is of the form

n
n:p'{”...pZ’?ng’_?:11...p?f7
wheren; > m;, for1<i<kandn; >1,fork+1<i<V/.

It follows that

mq—1 X

@(m) =p" " p T (pr = 1) (P — 1)
and

o(n) =py" Py (pr = 1) (pe = 1).
The result follows immediately from the fact that n; > m;, for
1<i<k. 10/18



Exercise 7

Exercise

Show that if m and n have the same prime factors (possibly
in different powers), then ngp(m) = me(n).

Answer
Letm = p"-..p;* and n = p"-- - p;*, where n;, m; > 1 be the
prime factorizations of m and n. Then

np(m) = p"-ptpt" T (pr = 1) (pr — 1)
ni—1 X

= o g o 1) (P~ )
= my(n).
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Exercise 8

Exercise
Find all n such that @(n) = %.
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Exercise 8

Let n = pi" --~pZ'?, where n; > 1 be the prime factorization of
n. Then @(n) = n/2 implies
_ B pn1 .. .pnk
I P (=) (pr = 1) =
that is,
2(pr =1 (Pr—1)=pP1- Pr
The RHS of the above equation is square-free, so the same
should hold for the RHS. However, this is only possible if
(p1—1)---(pr—1) =1,i.e, if n =29 a > 1. Moreover, we
easily verify that @(2%) = 29" = % To sum up, @(n) = 4 if
and only if n = 29 for some a > 1.
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Exercise
Find all n such that o(n) = 12.

Answer

Itis clear that o(n) > n+1 < n < a(n) — 1. It follows that
it suffices to check the numbers n < 11. A quick computation
reveals that in the interval 1< n <11, onlyn =6and n =1
satisfy a(n) = 12.
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Exercise
Find all n such that T(n) = 12.
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Write n = pJ" - - -pg’*, where p; # p; and n; > 1. Then, we have

that

T(n) = (N1 +1)--- (e +1).

W.l.o.g. assume that the numbers (n1+1),...,(ng+ 1) arein
descending order. Then each of them is a divisor > 1 of 12.
Then we have the following options:

1. n =11

2. nf=5n,="1.
3.
4

o n1:2,n2:‘|,n3:1.

n=3,n=2
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It follows that T(n) = 12 iff n is factorized into primes in one
of the following ways

1. n=pl,

2. n=p3py,
3. n=p3p3or
4. n = pipaps,

where the numbers p4, p> and p3 are distinct primes.
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Exercise
If n is a perfect number, show that Zd‘n % =2

Answer
If n is perfect, then

o(n):Zn:Zd:Zn:Zg:Zn
din din

=n Z% :2n:>Z%:2.

din din
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Stay home, stay safe!
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